Abstract
Introduction
The concept of graph tenacity was introduced by Cozzens, Moazzami and Stueckle [1] [2] , as a measure of network vulnerability and reliability. Conceptually graph vulnerability relates to the study of graph intactness when some of its elements are removed. The motivation for studying vulnerability measures is derived from design and analysis of networks under hostile environment. Graph tenacity has been an active area of research since the concept was introduced in 1992. Cozzens et al. in [1] , introduced two measures of network vulnerability termed the tenacity, ( ) , as a useful measure of the "vulnerability" of G . In [6] , we compared integrity, connectivity, binding number, toughness, and tenacity for several classes of graphs. The results suggest that tenacity is a most suitable measure of stability or vulnerability in that for many graphs it is best able to distinguish between graphs that intuitively should have different levels of vulnerability. In [1] - [22] they studied more about this new invariant.
All graphs considered are finite, undirected, loopless and without multiple edges. Throughout the paper G will denote a graph with vertex set ( ) V G . Further the minimum degree will be denoted ( ) The genus of a graph is the minimal integer γ such that the graph can be drawn without crossing itself on a sphere with γ handles. Thus, a planar graph has genus 0, because it can be drawn on a sphere without self-crossing. In topological graph theory there are several definitions of the genus of a group. Arthur T. White introduced the following concept. The genus of a group G is the minimum genus of a (connected, undirected) Cayley graph for G . The graph genus problem is NP-complete.
A graph G is toroidal if it can be embedded on the torus. In other words, the graph's vertices can be placed on a torus such that no edges cross. Usually, it is assumed that G is also non-planar.
Proposition 2 If G is any noncomplete graph, ( ) ( )
Proposition 3 If G is a nonempty graph and m is the largest integer such that
1,m K is an induced subgraph of G , then ( ) ( ) G T G m κ ≥ .
Corollary 1 a) If G is noncomplete and claw-free then
( ) ( ) 2 G T G κ ≥ . b) If G is a nontrivial tree then ( ) ( ) 1 T G G ≥ ∆ .
c) If G is r-regular and r-connected then ( ) 1
T G ≥ . The following well-known results on genus will be used.
Proposition 4
If G is a connected graph of genus γ , connectivity κ , girth g , having p vertices, q edges and r regions, then
Lower Bound
In this section we establish lower bounds on the tenacity of a graph in terms of its connectivity and genus.
We begin by presenting a theorem due to Schmeichel and Bloom. [25] ) Let G be a graph with genus γ . If G has connectivity κ , with
Theorem 2.1 (Schmeichel and Bloom
It is now to drive the bounds on the tenacity that we seek.
Theorem 2.2 If G is a connected graph of genus γ and connectivity
Proof. First, note that the inequalities hold trivially if 
Planar Graphs and the Lower Bound of Tenacity
We next investigate the bounds provided above if G is a planar or toroidal graph. To this end we require the definition of a Kleetope, ( ) Indeed we can always obtain any girth from 3 up to the maximum allowed. This is often done by taking the example with maximum girth and adding an edge incident with a vertex in the T-set to create the desired short cycle.
Example 1 a) For 2 κ = the girth can be arbitrarily large. For 3 n ≥ consider the graph n G obtained by taking n disjoint copies of the path n P on n vertices and identifying the corresponding ends into two vertices. This is a planar graph with tenacity ( ) ( ) ( ) ( ) ( )
Let n L be a ladder graph with two rails and n rungs between them. Rails be 1n P with vertices 1 2 , , , n a a a  and 2n P with vertices 1 , , , , , , 
Toroidal Graphs
We next consider toroidal graphs in more depth. W is shown in Figure 4 . We note that n W is toroidal with a pentagonal embedding. Let 
Conclusions
The sharpness of the bound ( ) ( )( ) ( ) 
